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For a number of polymerization models, we have developed equations that enable one to
follow in time the moments of the polymer size distribution and the conversion. The exact and
opproximate solutions for the leading moments of the size distribution are presented for poly-
merization with initiation, propagation, and termination by combination. Approximate solutions
for polymerizations with the additions of termination by disproportionation, chain transfer to
monomer, and chain transfer to solvent show how these reactions decrease the average polymer
size. From a simple model that exhibits autoacceleration a concomitant increase in the averoge

polymer size also occurs.

Although the general kinetic equations of radical poly-
merization carry complete knowledge of the polymer size
distribution as well as the rate of polymerization, they
are tractable for relatively few polymerizations (I to 5).
Usually in a size distribution study of polymerization, the
equations are simplified by the assumption of a stationary
state (6).

To make a large number of polymerizations amenable
to analysis without such a limiting assumption, we focus
our attention on the moments of the size distribution
rather than on the size distribution itself. As a working
matter, we are often content with knowing just the lead-
ing moments. This presupposes, of course, that we are
describing a unimodal distribution. Although experimen-
tal evidence on this point is lacking, we expect on physi-
cal grounds that most polymerizations yield unimodal
distributions.

In developing equations in the moments we choose for
analytical convenience to work with the continuous in-
stead of the exact discrete kinetic equations, that is, we
take the polymer size (chain length) to be a continuous
rather than a discrete variable. Zeman and Amundson
(2, 3) have previously used the continuous approach,
but here we develop the equations in the framework given
by Hulburt and Katz (7) in their study of particulate
systems. Consequently, we can write the continuous
kinetic equations directly from the pertinent chemical
reactions.

Among the reactions which may occur in polymeriza-
tion, we consider the following:

1. Initiation, where initiator I decomposes into the
primary radical R

a
I-> 2Ro

2. Propagation, where monomer M reacts with radical
R; containing i monomer units, to form a radical with §
+ 1 units

Ri+M§-)Hi+1 i=0,1,2,...

3. Chain transfer to monomer, where monomer M re-
acts with R; to form terminated polymer P; and radical R,
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R+MSP +R i=01,82,...

4, Chain transfer to solvent, where radical R; reacts
with solvent S to form polymer P; and solvent radical S’
which may react further

Ri+S 5§ +P
{
S + MR

£
S + R; —> P i
i=0,1,2,...
5. Termination, where two radicals react by combina-
tion

R; + Bj?'—> Py
or by disproportionation

0
Ri-f-Rj-—)P,;-FPj i,i=0,1,2,...

The rate coefficients are shown to be independent of
the size indices i, . Although our moment methods will
not directly handle any very general size dependence,
certain simple forms of dependence are tractable. We
show in the appendix how the moment equations can be
developed when the propagation and termination coeffi-
cients associated with the primary radicals R, differ from
the coeflicients associated with the higher R;. The rate
coefficients may however depend on such overall factors
as the extent of polymerization; in fact we shall study
autoacceleration by introducing a dependence of the
termination coefficient on monomer concentration.

We shall describe a continuous model of a basic poly-
merization process, which includes initiation, propagation,
and termination. After developing the moment equations
for the size distribution, we examine the exact and a few
approximate solutions for the leading moments. Then we
consider polymerization processes with additional reac-
tion steps. Although the exact solutions of the moment
equations of the more complicated situations often re-
quire machine computation, we do get approximate solu-
tions analytically.

We assume that each polymerization process given here
occurs in an isothermal, well-stirred batch reactor. Al-
though all our equations will be set down for such a batch
reactor, the method can easily be extended to the study
of continuous inflow-outflow systems. It may be noted

Page 319



finally that we deal here only with first-order partial dif-
ferential equations in radical concentration, ignoring any
dispersion in growth rates. Moment methods might well
be applied to the second-order partial differential equa-
tions that take this dispersion into account (3), but we
would in any case expect these dispersion effects to be
small in a homogeneous, well-stirred reactor.

A BASIC MODEL

Our basic polymerization model consists of initiation,
propagation, and termination by combination:

[24
I—>2R0

R,'+M§->Ri+1 i=0,1,2,...

b
Ri+Rj——)Pi+j i,i=0, 1,2,...

The decomposition of initiator I we take as irreversible.
(In practice, peroxides, which produce carbon dioxide,
as well as the primary radical R,, are commonly used as
initiators.) For analytical convenience we allow the com-
bination of two primary radicals to form the fictional poly-
mer Py, This fiction is of little consequence when the
concentration ratio of primary radicals to all radicals is
small, as it usually is.

Noting that the average polymer size is usually large,
we treat the polymer size as a continuous variable «x,
rather than as a discrete index i. To obtain the continu-
ous form of the discrete kinetic equations, we may either
take the discrete equations to the continuous limit or, fol-
lowing Hulburt and Katz (7), write the continuous equa-
tions directly. In the latter approach one simply sets down
the number-density balances for the radicals and term-
inated polymers.

Here, we express the radical and polymer size distribu-
tions as functions r(x,¢) and p(x,¢), where

J;bf(x, t)dx Lb p(x, t)dx

are the concentrations of radicals and terminated poly-
mers that have between a and b monomers at time ¢.

The equations in 7(x,¢) and p(x, ¢), together with the
equations of initiator concentration I{t) and monomer
concentration M (¢), appear as

dl(t
Td-i-—)-=—al(t) H Ilt=0= 1o
dM (t

dt( ) = —ﬁM(t) f ?’(y, t)d!/ 3 M,t=0 = M,
or(x, t) or(x, t)

ot +AM () ax

= 2al(1) 3(x) —yr(x, ) f 15 )dy;  rlemo = O

op(x, t
—’—)%-L=-72'—f rx—y,t) r(y,t)dy ;5  ple=o=0

where the integrals are taken over all allowable polymer
sizes. Consequently ’

f r{y, t)dy

is just the total concentration of radicals.
These equations for radical and polymer size distribu-
tions can be easily understood by analogy to the Liouville

Paae 320

A.1.Ch.E. Journal

equation for growing particles. First, analogous to the
propagation rate is the growth rate (for a single particle)

dx
dt

which gives rise to the convective term

= BM(t)

BM(E) o (50)

Second, the initiation step is analogous to the point
source

2al (£)8(x)

where the delta function indicates that all the primary
radicals are formed at size zero.

Finally, we treat the termination step as an agglomera-
tion process, with the rate of disappearance of radicals
of size x

yr(x, t) f r(y, t)dy
appearing in the equation for r(x,t); the corresponding

rate of formation of terminated polymer of size x appears
as

% f r(x—y,t) r(y, t)dy

in the equation for p(x, t).
Introducing the moments for the radical and polymer
size distributions in the form

Me(E) = f o (x, £)dx;  c(t) =f xk p(x, t)dx
(k=10,1,2...)

we find from the kinetic equations above:

._—.:‘—aI 5 I[t=0=i0
— = 2al — yAg® H )\Olt=0 =0
— = — 8M), 5 M=o =m,

— = BMkh—1— Yhodi 3 Meft=0=0 (k=1,2,...)

due v &k 0
L= N3 BElt=0 = k=0,1,2,...
— 22’(1)@%_, f¢ ( )

The leading moments o and p; denote, respectively,
the concentration of terminated polymer and the total
amount of monomer (per reactor volume) associated with
the terminated polymer; the moments Ay and A; have a
corresponding meaning for the radicals (growing poly-
mer). Related to the moments of the distributions are
the number-average degree of polymerization X, (aver-
age polymer size) and weight-average degree of polymer-
ization X,;:

—_— -+ X — )Y
X=’L1 1 Xw=.u2+ 2
Ho+ Mo 1t A

These first-order differential equations in the moments
can be solved consecutively to give the k" moment of
the polymer size distribution px. The solution to the initi-
ator equation is simply

2
I=i,e ot =i, (i)

a
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where
8y, )1/2

¢= ae—a/2t., a= (
e 4

which we use in obtaining A, Noting that the Ao equa-
tion is of the Riccati type, we can transform it into a
Bessel's equation to get

K(a)
. 4, Ki(¢) — I.(a) I;(4)
N K@
o) + 71-(7)-10(49

We can now solve for the monomer concentration or the
fraction of unreacted monomer

Kl(a) —-b
Ko(4) + _I;(—a)—I°(¢)

K
mw)+7%gbw)

where

M == s

; b=B/y

Also, we can get the zeroth moment of the polymer size
distribution, that is, the concentration of terminated poly-
mers of all sizes

A
po={do—I— "22'
which is just a material balance for the radicals. Knowing
M and M, we find that

mob

A= 7 {m — m/%}
m, me b
= —m)— 1— misn
= e (L= m} = 2 (L= mir)

which is consistent with the monomer balance
pt M =m, (1—m)

We continue in this fashion to get the second moments:

_ (@bmo)imi® (¢ e iib gy BEL
M= T (1= D) .f,, e ™ %
_(abm°)2f 1 ¢ — mlt1/b %
k= |\ 1—p -£> (m? —m )4»1
1 * b déy _
e e

Although higher moments can also be found, their solu-
tions are in the form of more complicated quadratures.

APPROXIMATE SOLUTIONS TO THE BASIC MODEL

Since the exact solutions of the moment equations are
unwieldy, we shall consider several approximations, First,
we note that in most practical situations, the rate coeffi-
cients satisfy the inequalities

a/io << B<<y
Alternatively, we can say that
a>>1; b<<1

where a and ab are commonly of the orders of 105 and 1,
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respectively. Under these conditions, the asymptotic form
for the concentration of radicals as a function of the
pseudo time ¢ becomes

44,
A= - ¢
where
dL< ¢ <y

The bounds are defined (within an arbitrary error) by
the asymptotic relations:

Lower bound
edL

Ip(¢r) ~ () ~———=
L 1(¢e y,

T
241
tanh (g —¢p) ~ 1

We may take the values of ¢ and ¢y to be 10 and @ —
5, respectively. These approximations lead to simpler ex-
pressions for the moments and the fraction of unreacted
monomer. For the latter we find

e %

Ko(¢r) ~ Ki(¢r) ~ \/
Upper bound

m = e“b(a—d’) = e—ab(l—e—alz )
In Figure 1 m is plotted as a function of «t/2 for several

values of ab. Considering both growing and terminated
polymer together, we get

woneifio ()]

1= (fnmer)]

1+ M =m, (1—m)

= 3(abm0)2 1 ms dm1
- 2 4i, ™ lnmy + ab
bm,)?
_ 34388 M) oo [Ei(2ab) — Ei(2ab + 21nm)]
where °

A e?
Ei(A) =f_m —dz

is a tabulated function (8). The bounds expressed in frac-

1O ab=5.00
0-8'}
-m
o6t ab=1.00
0.47
0.2¢ ab= 025
4 e + ——
0.0 0.5 1.0 1.5 2.0

Fig. 1. Conversion vs. time.
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tion of monomer are of course
e~ bva—oL) < m <L g bla—y)

From the appropriate moment ratios, we find the number
average and weight average degree of polymerization:

' me 1—m

n = ="

1o 2
1—(;5lnm+1)

and

— 3m,

X, = m - (ab)2 + g2 -

Yo

Ei(2ab) — Ei(2ab + 2 1In m)
l1—m

The graphs of these functions for several values of ab are

shown in Figure 2. For these values of ab the ratio X/ X
is approximately 1.5, a number often found experimentally

Next, let us assume that a stationary state exists, that is

dr,
dt

Strictly speaking, this means that the concentration of
radicals ), is constant and implies that I is constant also.
The deviation of I from its initial value (for usual values
of the kinetic parameters) increases as the concentration
of monomer decreases according to the expression:

= 0 = 2al — yA,?

1
I=1, (1+a-zlnm)

As a result, solutions of the moment equations based on

NUMBER AVERAGE ------
337 WEIGHT AVERAGE ——
30+
2.5¢
2071 N
X \\ ab=5.00
Mo/ .
.51 \\
\‘\
Lo L
d/>0b= |-00
054 ~—mccmom e -
/db =0.25
0.0 0..2 0‘.4 0:6 O:.8 lJ.O

I-m

Fig. 2. Degree of polymerization vs, conversion.

Page 322

A.1.Ch.E. Journal

a strict interpretation the stationary state assumption have
limited applicability.

If, on the other hand, we take the rate of change of
radical concentration just to be suitably small, we can
still consider the radical concentration to vary according
to

2al
Ao = —

Y

This is the same result obtained by the previous approxi-
mation.

To facilitate later comparisons with different kinetic
models, we shall write the approximate solutions for the
zeroth and first moments, assuming that the initiator con-
centration is constant I = i, We shall again take the
rate coefficients to satisfy the inequalities

afi, << By

The leading moments are then

ayio \12
P«o+)\o=( 2}32) Inm

and
pt + Ay =mo (1 —m)
where
-8,
m=e 2

Consequently, the average polymer size is

-  mtM (Zﬁzio)l/z(mo) l—m
X, = - -

#o + o ya i InL

m

A MODEL FOR AUTOACCELERATION

As the first variation on the basic model, we look at
autoacceleration: the rapid increase in polymerization that
arises when the polymer concentration becomes great
enough to increase the viscosity of the reaction mixture.
As the viscosity increases, the movement of the growing
polymers becomes more restricted; effectively, the rate
coefficient of termination decreases, although not that of
propagation.

If we assume that the termination rate coefficient is a
function of monomer concentration, we easily obtain the
moments of the polymer size distribution. For practical
purposes the parameters of the assumed termination func-
tion might be found by comparing the polymerization
rate from an actual experiment with that from the model.

We shall consider the effect of autoacceleration by
using the basic model; consequently, the moment equa-
tions differ only in the termination coefficient. Since our
comparison with the basic model will be made simply in
terms of average polymer size, we shall set down the
moment equations only through order 1.

The relevant moment equations are accordingly

aM

W:—B)\oM §M]t=0=m0 R
d\

_d_‘.).=2a1—"y(M)A02 ;)\Olt=0=0
i

d\

-Jtl=:3M>\o—7(M)M 3 o= =0
dpo Y

—_— (M Xz H =0=0
- 2( ) Ao pole=0
dpy

— =y (M)A H =0 =
o v (M) Aohy ,M{to 0
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For analytical solution, we assume that
a/io << B<<yo; (M) =ym? 2>0

and solve the equations in terms of m. Dividing the first
two equations, we get

I =1,

——= et Tl Nglm=1 =0

For m somewhat less than 1
: \1/2
N = ( 2ai, ) -
Y

Working similarly with Ay, go, and g; we find the average
polymer size

— z 2,8250)1/277;0 1—m
X, = — ) PR
2 ) ic |1 —m?2

With this model we see quantitatively the increase in
average polymer size arising from the autoacceleration.

TERMINATION WITH DISPROPORTIONATION

Since disproportionation as well as combination may
be important in the termination step, we shall incorporate
it in a model with the reactions

[+

I - 2R,

B ,
H{"*‘M‘%R{.},l (1;=0,1,2..-.)
Ri+R o> Py (57=0,1,2....)

0
Ri+Rj—>Pi+P; (,j=0,1,2....)

The kinetic equations of these reactions are

dl
= i Ie=o = 1o
aM
Tz—BM 7’(!/, t)dy H Mlt=0=mo

t
ar(x, t) + M or(x,t) — 2al3(x)

dat
— (405 § 1y Ddys fezo=0

o , t

p(;; ) == % f r{x—y,t)r(y, t)dy

+ 81(x,t) f (g, t)dy  ; plt=0=0

Again, for a basis of comparison we assume that I = i,
and a/i, << B << v and consider just the leading mo-
ments:

dM
—— = — by N M =0 = ]
n BM) [t=0=m

dA
— = 2alo— (7 + O))o? 5 Mofs=0 =0

d\

; Mle=o=10
dt > l]to

dpo (7 )
—= =+ 0 r? ; =0=0
) 2+ 0 3 Hole=o
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dy
d_tl = (v + 0)ro\y ; pfe=0=0

The solutions for these equations are very similar to those
of previous models. We find that the average polymer size
is

_ 2 ; 1/2 _
X, = B2 (y+0)io " I—m
y 2 \— 1
20 | —+¢ 0 ) In—
2 m

which shows the expected decrease of average polymer
size with respect to the basic model. The higher order
moments could be found numerically, if need be. As with
the basic model, we can solve these equations exactly.

CHAIN TRANSFER TO MONOMER

We can represent a polymerization process with chain
transfer to monomer by the following reactions:

o
I—->2R,
B ,
R1+M—'>Ri+1 (1'=0,1,2....)
€
R+M->R + P (i=0,1,2....)

L4 ,
Ri+Rj->Pi+j (1,]=0,1,2....)
Note that the transfer step is a source of radicals of size
one and provides another mechanism for termination. The
continuous forms of the equations for this process are

d
d—i-:—al s le=o=1o
dM
—dz—z—(ﬂ-{—e)Mf r(y,t)dy ; Mlt=0=m0
or(x, t) ar(x, t)
M
ot +A dx
= 2al8(x) + eM3(x—1) _f r(y, t)dy
— eMr(x,t) — yr(x, t) fr(y, t)dy ; rlt=0=0
t

i’_)_(;tl_l = —;-f r(x—y, t)r(y, t)dy

+ eMr(x, t) 3 ple=o=0

from which we get equations in the moments
aM
— =— (8 + )M 3 Mli=o=my
dt
dx
-E;o- = 2(11—’)'}\02 5 )\Olt=0 =0
¥
%:i = BMINe—1— eM (Mg — Xo) — YAohk; Mift=0=0
K

% = 1- ( ’f ) )\j)\k—] + eMi H Fklt=0 =0
dt 2 &N

Proceeding as before with the assumptions I = ip; a/ip
<< B << v; € < Bwe find that
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JL 2(8 + €)% }1/2 me
- _ oy ip
» 2 \1/2
(2”") l’i(l—m)ﬂn(—l-)
ay to m

As € gets larger, the average polymer size shows the ex-
pected decrease. Again, the moment equations may be
solved exactly in a consecutive manner.

CHAIN TRANSFER TO SOLVENT

Considering the additional reactions associated with
chain transfer to solvent, we write the kinetic scheme

a
I—)23.0
Ri+MiRi+l
7
Ri+S—>S'+P,-

S’+M€—>BI

3
$ 4+ Ri— P;

Y
R;+ R; = Piy;
(,j=0,1,2....)

Here again, as in previous cases, we allow the formation
of the nonexistent polymer of zero size.

We may also consider these reactions in terms of inhi-
bition or retardation. For example, an inhibitor S may
react with a radical R; to form a stable inhibitor §” and a
terminated polymer P;. In this case we take both { and ¢
to be zero. In retardation, the rate coefficient { is much
smaller than ¢ The rate equations for this general model
are

dl

—=—al

di

dM_ M
FTE

ds
PR 98 ) rdx

ds’

P 7S frdx-— {MS’ — ¢S frdx

rdx — {MS’

ar ar
— + BM — = 2aI8(x) — 9Sr + (M8(x— 1)
ot ox

—éS’r—-—-yrfrdx 3 Tlt=0=0
8p
— S ¢
praak r < £S'r
Y
+-2—f r{x—y)r(y)dy 3 pli=o=10

from which we get equations in the moments

aM
-E' = —-ﬂM)\o— CMS

5 Mle=0 = mo

; Slt=0= So

A.l.Ch.E. Journal

’

—— = 9S\p — (M8’ — £8'A 3 8g=0 =
T e L £S"%o [t=0=0
dy,
—_—= 2(118];0 + ,BMk)tk_l
dt
— [S + €5 Ih + MS" — yhohi 5 Mlt=0 =0
dur Y < (k)
—Z == S SN + — Mhg—
7 »She + £ k+2j=0 i M —3
5 Ilk!t=0= 0
(k=0,1,2....)

Unlike the previous cases examined, the exact solution
of these equations cannot be carried out in a consecutive
manner. Instead, the equations of M, S, and X, must be
solved simultaneously; once these solutions are obtained,
the higher order moments can be found successively.

To simplify the solution of this set of equations, we
shall assume that S and §” do not change appreciably with
time, that I = i, and that the following inequalities hold:

afif << B<L<Ly; << B<E adoy < (£5)2
Under these conditions, we find

£L8?

alp

{ﬁ—i- }Mo(l‘—m)

Xn =

1
{78 + €5} In—
m

With the usual values of the parameters, the average
polymer size decreases as y and ¢ increase. Again, higher
moments can readily be found numerically.

CONCLUSION

For a large number of polymerization models, we have
developed equations that enable one to follow in time
the moments of the polymer size distribution and the
conversion, Taking the basic reactions of initiation, prop-
agation, and termination by combination, we find the exact
and approximate solutions for the leading moments of the
distribution. We show that, depending on the values of
an appropriate dimensionless group, the average polymer
size may increase, decrease, or remain essentially con-
stant with conversion. In contrast, the ratio of the weight
average to number average in each case is 1.5 at low
conversion and increases gradually.

With the additional reactions of termination by dis-
proportionation, chain transfer to monomer, and chain
transfer to solvent, we find that the average polymer size
is decreased. On the other hand we show that an in-
crease in the average polymer size occurs concomitantly
with autoacceleration.
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NOTATION
a = dimensionless group
b dimensionless group

I
io

concentration of initiation at time
initial concentration of initiator

I T
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M = concentration of monomer at time

my = initial concentration of monomer

m = fraction of unreacted monomer

P; = concentration of terminated polymer with i mon-
omer units

p(x)dx = concentration of terminated polymer having
between x and x + dx monomer units

R; = concentration of radical (growing polymer) with
{ monomer units

r(x)dx = concentration of radicals having between x
and x + dx monomer units

S = concentration of solvent

S’ = concentration of solvent radical

t = time

x = size of pblymer in monomer units

X, = number average degree of polymerization

X. = weight average degree of polymerization

z = arbitrary parameter

Greek Letters
rate coefficient of initiation

(44 =

B = rate coefficient of propagation

¥ == rate coeflicient of termination by combination

8(x) = Dirac delta function

€ = rate coefficient of chain transfer to monomer

L = rate coefficient of solvent radical-monomer reac-
tion

7 = rate coefficient of chain transfer to solvent

6 = rate coefficient of termination by disproportiona-
tion

M = k' moment of size distribution of growing poly-
mer

px = k' moment of size distribution of terminated
polymer

¢ = rate coefficient of termination by solvent radical

¢ = pseudo time
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APPENDIX: A MODEL WITH SIZE-DEPENDENT RATE
COEFFICIENTS

Since the size dependence of rate coefficients is significant
mainly for very short polymers, we select here for study the
situation where the rate coefficients have just two values: one
for reactions involving the primary radical Ry and one for
those involving only the higher R;. Assuming initiation, propa-
gation, and termination by combination, we use the kinetic
scheme

a)
1 2R,
a
0
Ro+ M ﬁ—) R;
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Ri+ M5 R,
¥0
Ro+ R — P;

Y
Ro—{-Rj—)Pi.H‘ (i,f=1,2, ..... )

introducing in addition, for illustration, the reversibility of
the initiation step.

In writing the rate equations for this model, we treat the
primary radical as a species different from the higher radicals
R; and carry its concentration separately as Ro. The distribu-
tion r(x,¢) accordingly has a different meaning from that
assigned to it in the body of this study, referring here only
to radicals other than the primary. The distribution p(x,t)
for terminated polymer has the same general meaning as
before, and the rate equations for the present situation may
be written as

dI
——=—ol } aRoz

dt

s le=0 =g

dM
—— = — BoMRy — pM f rdx s Mle=o = mo

dt

dRy
_—dt = 2a0l — 2aR¢® — BoMRy — vRo f rdx ; Role=0 = 0
ar 4 oM ar MRy 5( 1
ot ox Po =1
——r f rdx — yoRor ;tt=0=10
ap v
E_:yoﬁo rdx+—2- r(x—y)r(y)dy ;plt=o =0

Defining the moments as

ax(t) = f wkr(x, t)dx 5 w(t) = f %% p(x, t)dx

(k=0,1,2...)

we find from the rate equations

dI

_th— = — agl — aR2,

dM

E = — ﬁoMRo — BMa’o

dRy

- = 2a0l — 2aR% — BoMRg — yoRovo

dag

—— = foMRy — voRooo — vo%

dt

doy

b BMkoy—1 -+ BMRy — ~voRooo — voook

duy v & k

F7 voRooo -+ -2—2 ( ) 00k —j

The ax above do not have quite the same interpretation as the
%x used in the body of this study to denote the moments of
the radical size distribution. The total concentration Ao of
radicals is here oo 4 Ao, but the higher of the radicals size
distribution are simply the o¥.

The solution of these moment equations is now a standard
numerical task. The equations in I, M, Rg, and ¢ must be
solved simultaneously. The successively higher ¢x can then
be computed one at a .time from their respective equations.
With Ro and the oi in hand, the ur can then be developed by
quadratures.
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We can, of course, in principle extend this model without
difficulty to include rate coefficients dependent on the polymer
to any finite size. However, if this dependence had to be
carried to any appreciable length of polymer, calculations in
this style would become very onerous indeed. In such cir-
cumstances it might be preferable to reformulate the whole

problem in terms of a continuous dependence of the rate
coeficients on size, and to seek approximate solutions to the
resulting differential equations in terms of suitable distribu-

tional forms,

Manuscript received March 28, 1966; revision received August 1,
1966; paper accepted August 1, 1966. Paper presented at A.LCh.E.
Philadelphia meeting.

Momentum Transfer in Climbing Film

Flow in Annular Duct

D. H. KIM and J. G. KNUDSEN

Oregon State University, Corvallis, Oregon

The characteristics of upward gas—liquid flow in a vertical annular duct were investigated.
The flow regime studied was the climbing film regime in which water flowed as a film up the
inner core of the annulus while air flowed in the annular space, the outer wall of the annulus
remaining dry. Friction losses, air velocity distributions, and film characteristics were studied,
the latter by photographing the climbing film through the transparent outer tube. Friction loss
and film thickness were correlated with Lockhart—Martineili parameters, X, ®, and Rp. The
presence of the climbing film caused the point of maximum velocity of the air profile to move
toward the outer tube, indicating that the film created a rough wall condition. The inner
portion of the velocity profile was correlated by Nikuradse’s rough tube equation, while the
outer portion was correlated by a logarithmic equation which previous workers have reported
for single-phase flow. Kopitza‘s theory of wave formation was applied to the climbing film and
was found to predict reasonable values for the mean film thickness. However, it failed to pre-

dict reliable values for the wavelength of surface waves.

In vertically upward gas-liquid flow in closed ducts,
several regimes of flow occur which are a function of the
gas and liquid flow rates. These regimes can be observed
sequentially as the gas flow rate increases at constant lig-
uid flow rate. At low gas flow rates, the gas flows upward
as small bubbles. With increasing gas flow rates, the gas
assumes the form of large slugs and ultimately forms a
continuous core while the liquid flows as a film up the
walls of the duct. This latter regime of flow is the annular
flow or climbing film regime. Similar regimes are also ob-
served in a single heated tube in which boiling occurs.

The climbing film regime of two-phase flow has been
the subject of many investigations. These studies have
been stimulated mainly by the variety of process equip-
ment such as water tube boilers, wetted-wall columns,
and coolant channels of nuclear reactors in which such
flow occurs. High heat and mass transfer rates occur in
climbing film flow. An understanding of the basic trans-
port ghenomena taking place in climbing film flow will
provide a sounder basis for design of process equipment.

Most previous investigators have used smooth pipes
and narrow rectangular ducts to study the various char-
acteristics of climbing film flow. While such ducts operate
satisfactorily and provide reliable data, it is not ossible
to observe the liquid film directly, even though the duct
wall is transparent.

In the present study, a long annular duct was employed
in which air flowed in the annular space and a water film
climbed up the concentric inner core. The outer dry tube
was transparent so that the film could be observed di-
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rectly. It was possible to determine values of momentum
flux from velocity profile measurements.

An attempt has been made to investigate both the me-
chanics of the air flow in the annular duct as well as the
mechanics of flow of the climbing film.

THEORETICAL BACKGROUND

Single-Phase Turbulent Flow in Annuli

Friction losses for single-phase flow in smooth annuli
have usually been correlatedp with the hydraulic diameter
used as the characteristic length in defining the friction
factor and Reynolds number. The correlation is satisfac-
tory for annuli in which 0.2 < « < 0.8, Prengle and Roth-
fus (18) defined a Reynolds number based upon the
equivalent diameter of the outer portion of annular ve-
locity profile.

4rgU
Npey = hds (1)
where
g = 21‘2(]. - )\2)
By defining a friction factor
2728
fa= 02 (2)

the workers found that
1/\V/fa = 4.0 log (Nrez Vf2) — 0.4 (8)
March, 1967





